The performance of a Cosserat/micropolar solid as a numerical vehicle to represent dispersive media is explored. The study is conducted using the finite element method with emphasis on Hermiticity, positive definiteness, principle of virtual work and Bloch-Floquet boundary conditions. The periodic boundary conditions are given for both translational and rotational degrees of freedom and for the associated force-and couple-traction vectors. Results in terms of band structures for different material cells and mechanical parameters are provided.
Introduction
The increasing growth and strong development of the field of architectured materials during recent years has created a renewed interest in generalized or extended versions of classical continuum mechanics theories. Popular examples of these emerging disciplines can be identified in the area of phononic crystals and metamaterials [1, 2] . These are materials which by virtue of their architectured microstructure exhibit unexpected mechanical properties at the macro level, such as negative refraction, negative bulk modulus or negative mass [3] . For example, the conversion from axial deformation into twist, would require chirality, which in turn would require an asymmetric stress tensor [4, 5] . From the wave propagation perspective, these materials are attractive since they exhibit dispersive phenomena, such as filtering and directional effects over fixed frequency ranges [6] . Physically, such phenomena result from the interactions of the incident field with the microstructural elements producing local scattering and diffraction. Another wave phenomenon of interest is cloaking, where the propagation is directed around an object rendering it invisible. This is another application where there is a need for asymmetric stresses. For electromagnetic waves, this can be achieved through transformation optics [7] .
The validation and effective use of these materials, particularly in dynamic analysis simulations involves two general steps. In the first place, it is necessary to conduct a design or characterization of the material in terms of its band structure or frequency-wave vector relation for a representative unit cell. This analysis step is typically conducted via Bloch analysis of the unit cell, which comprises solving a series of eigenvalue problems for a numerical model of the cell that explicitly includes all its microstructural elements. The solution from these analyses identify propagation frequencies associated to variations of the wave vector along the boundaries of the unit cell after considering the spatial periodicity of the material. The second analysis step involves the solution of a timedomain boundary value problem, which requires the consideration of a large number of material cells filling out the particular domain. Clearly, from a numerical point of view, the inclusion of the microstructural details in the numerical model implies prohibitive computational costs, thus requiring continuum based mechanical models with intrinsic capabilities to reproduce dispersive behavior.
Dispersion at the macroscopic level can be understood in terms of scattering and diffraction arising when the wave length of the free wave field approaches characteristic dimensions of the microstructural elements and, as a result, its treatment in terms of continuum mechanics requires theories involving constitutive length scale parameters. Broadly speaking, these class of models can be classified into (i) gradient based theories and (ii) enriched kinematics models. In the former, local kinematic descriptions retaining higher order displacement gradients are introduced resulting also in higher order stress tensors [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] . Alternatively, in the latter approach, the material point is endowed with additional degrees of freedom [20, 21, 16, 22] .
This family of non-classical or generalized continuum models have been used in a wide range of applications in several research problems [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] . However, there is a need to examine the strengths and weaknesses of the various models and to propose physical experiments that would be helpful in their critical assessment.
In this work we explore the capabilities of the micropolar model to capture dispersive behavior by virtue of its kinematic variables and particularly through the additional constitutive parameters. For that purpose, we address several theoretical and simulation aspects relevant to wave propagation in such micropolar medium. We start by reviewing the field equations for the model with special emphasis placed in the displacement-based equations of motion as these reveal phase velocities associated to the possible free wave modes. Following that section, we also discuss Bloch periodicity in the context of the micropolar theory. We show the relation between displacements and rotations, together with its corresponding traction components along the different regions of the unit cell properly accounting for the infinite character of the analysis domain in terms of a single material cell. Also, as will be shown later, the dispersion analysis via the Bloch theorem involves the solution of the frequency-domain reduced wave equation and thus it is useful to show the Hermitic and positive definite character of the boundary value problem. We show these two properties of the operator in section 2.1. The theoretical aspects of the paper also describe the variational statement and details for its finite element discretization, when conducting Bloch analysis. In the final part of the paper, we use the finite element formulation to test the capability of the micropolar model to capture dispersive behavior. First, and as a verification exercise of the formulation, we find the numerical and analytic band structure for a homogeneous micropolar continuum. The homogeneous cell analysis is also used to identify appropriate mesh properties in Bloch analysis of micropolar media. In a subsequent analysis aimed at producing further dispersion in the model, we also consider material cells with simple microstructures, namely a bilayer composite and a porous material composed of a circular cavity embedded in a micropolar matrix. These are simple microstructures, which facilitate the study of the variation of the dispersive properties by introducing changes in material and geometric parameters. In both cases, we find band structures for different values of the mechanical and geometric parameters and track the variation of the cut-off frequency associated to the microrotational waves.
Micropolar Model
The micropolar model used in this work introduces rotational mechanical interaction between material points in terms of a couple-tractions vector m (n) i defined through a generalized Cauchy's postulate as [35] :
where ∆S(n) is a small element of area oriented withn and ∆M i is the resultant moment. The couple-tractions are completely described by the couple-stress tensor µ ij according to
In (1) above, ∆S(n) represents a surface material element with outward normaln. Considering now the classical force per unit surface tractions vector t (n) j related to the Cauchy stress tensor σ ij , such as
leads to momentum and moment of momentum balance equations for the micropolar solid [22] :
and where f i and c i are forces and moments per unit volume; ρ and J are the mass and rotational inertial densities, respectively, and ijk is the Levi-Civita permutation tensor. In the model proposed by [18] the term c i is shown to be equivalent to a body force, while J is eliminated at the onset.
Here we retain the original form of the equations given in [22] , where both terms are retained.
Denoting displacements and microrotation vectors at a field point x and at the time instant t by u i (x, t) and θ i (x, t), respectively, we have that the local deformation γ ji at the material point is now the difference between the displacement gradients u i,j and the microrotation (vector) θ k
Also, notice that the consideration of the independent microrotational field introduces an additional kinematic variable in the form of a generalized curvature-twist κ ji describing the change of microrotation per unit length
In a linear isotropic elastic micropolar medium the constitutive equations take the following form [22] :
where µ and λ are the known Lamé parameters from classical elasticity, while α, β, η and ε are extra material parameters from the micropolar model and representative of additional particle interactions. The set of constitutive equations can also be written in the following alternative form:
where the superscripts S and A denote the symmetric and skew-symmetric parts of the associated second order tensors. We can mention that β is a parameter only related to torsion, using a parallel with classical elasticity it resembles the role of λ. On the other hand, η is related to torsion and bending while ε is only related to bending modulus. Furthermore, α is known as micropolar couple modulus and quantifies the coupling between micro and macrorotation -see [36, 37, 38] for further discussion on the interpretation of these parameters.
Using (7) together with (5) and (6) in the linear and angular momentum balance equations leads to displacement time-domain equations of motion:
With boldface characters denoting vector fields, the equations of motion can also be written for completeness in explicit form as:
When considering plane problems the term ∇∇ · θ is zero and the behavior will not depend on the parameter β, see Appendix B for the explicit expressions for plane problems.
Notice in (8b) and (9b) the appearance of the dilatation ∇ · θ, which implicitly assumes that θ is not, in fact, a pure rotation (or microrotation). On the other hand, if ∇ · θ = 0 is enforced, then the resulting theory would suffer from the same type of indeterminacy as the original couple stress theory [11] . Following the current convention, however, θ will continue to be called the microrotation in this paper.
In order to conduct Bloch analysis, and more specifically to determine the dispersion relations for a micropolar solid, it is convenient to neglect the body force and couple densities and to assume a time dependence of the form e −iωt for both the displacement and rotation field, therefore yielding the following reduced frequency-domain version of the equations of motion:
For convenience in later developments and to aid the comparison with similar formulations available in the literature, it is convenient to use also the alternative form:
and where: c 1 represents the phase/group speed for the longitudinal wave (P ) that is non-dispersive as in the classical case, c 2 represents the high-frequency limit (k → ∞) phase/group speed for a transverse wave (S) that is dispersive unlike the classical counterpart, c 3 represents the highfrequency limit (k → ∞) phase/group speed for a longitudinal-rotational wave (LR) with a corkscrew-like motion that is dispersive and does not have a classical counterpart, c 4 represents the high-frequency limit (k → ∞) phase/group speed for a transverse-rotational wave (T R) that is dispersive and does not have a classical counterpart, Q represents the cut-off frequency for rotational waves appearance, and K quantifies the difference between the low-frequency and high-frequency phase/group speed for the S-wave -see fig. 1 for a qualitative description. These parameters are defined by:
We should highlight that c 3 does not play a role for waves in the plane. As mentioned before,
The Principle of Virtual Work (PVW) for a micropolar solid follows after considering the translational and rotational equilibrium equations, using the virtual fields δu i and δθ i as weighting functions and integrating over the volume V with the aid of the divergence theorem. Denoting the kinematic measures in a micropolar solid by γ S ij , γ A ij and κ ij corresponding to the classical infinitesimal strain tensor, the skew-symmetric part of the relative deformation tensor -i.e., the difference between the displacement gradient and the micro-displacement gradient -and the generalized curvature-twist tensor allow us to write this principle in the form
where σ S ij is the symmetric part of the stress tensor, while σ A ij is the skew-symmetric part of the stress tensor.
Formulation for Periodic Materials
Here we review the relevant aspects of the analysis of spatially periodic materials in terms of the theory of phononic crystals, and particularly the so-called Bloch-Floquet periodic boundary conditions applied to the micropolar solid. For an in-depth discussion of periodic materials the reader is referred to classical sources [39, 40] , while a comprehensive review is provided in [1] . In that theory, the key concept is established by Bloch's theorem, providing a relationship between the fields on opposite sides of the cell and taking into account spatial periodicity in a wave propagation problem. Therefore, the characterization of the micropolar medium is to be conducted after assuming that the material is the result of the spatial and periodic repetition of a fundamental unit cell. Under this assumption, a fundamental cell containing a motif repeats itself (in one, two, or three space dimensions) according to a spatial period defined in terms of a lattice vector. The motif refers to a microstructural heterogeneity which could contain different materials and geometries, as well as fluids and/or solids of the classical or Cosserat type. The dispersive properties of such a periodic material, given in terms of frequency-wave number relations (or band diagram), can be found from the analysis of a single fundamental cell after using Bloch's theorem, which establishes that a function u(x) can be expressed in the form
where w(x) is the Bloch function that has the same periodicity of the material and k is a wave vector. Accordingly, the solution is the product of a periodic function with the periodicity of the lattice and a plane wave, that is also periodic. As a consequence, the field variables in the differential equation satisfy the relation
connecting the variable Φ at opposite sides of the unit cell set apart by a vector a. In this case, Φ refers to the principal variable (or any of its spatial derivatives) involved in the physical problem. It then follows that if one wants to characterize the material in terms of its wave propagation velocities
to obtain values that can be used in a homogenized continuum model, it suffices to analyze a single cell. In the case of the micropolar medium, Bloch's theorem states that the eigenfunctions of (10) can be expressed in the form
where a is a vector that represents the periodicity of the material. That is, the solution is the same at opposite sides of the unit cell, except for a phase shift factor e ik·a . Due to the linearity of the differential equations we also have the following Bloch-periodic boundary conditions for the corresponding traction vectors
Thus, in the case of the micropolar solid, Bloch's theorem reduces to the following set of boundary conditions for displacements, microrotations, force-tractions and couple-tractions:
The set of conditions summarized in (14) will be satisfied in a variational sense using a finite element formulation. Subsequently, a numerical model of the unit cell resulting in a generalized eigenvalue problem will be solved for various specifications of the wave vector. The details of such an implementation will be discussed next.
Hermiticity of the equations
Since the dynamic analysis of the micropolar medium involves solution of the frequency domain reduced wave equation subject to Bloch periodic boundary conditions, as given by (14), it becomes necessary to rewrite the PVW (12) so it can be used to properly represent inner products in complex-valued vector spaces. Using the operator * to denote complex conjugate, we can write:
In the principle of virtual work given by (15) u i andû i represent the actual and virtual fields respectively. In the sense of (15), δΠ could be understood as the variation of the Lagrangian functional of the micropolar system. As will be demonstrated next, if we interchange the variables
which implies that the operator is Hermitian (self-adjoint) under Bloch periodic boundary conditions also resulting in Hermitian matrices when discretized via finite elements.
The proof of Hermiticity follows after one uses Bloch periodicity conditions between the tractions and displacements (see (14) ) into the boundary terms in (15) , which yields
where the index p refers to each pair of opposite sides of the boundary. Introducing the phase shifts and elaborating further gives:
which after taking the complex conjugate reduces to the Bloch-equilibrium condition (or the relationship between the traction vectors at opposite faces of the cell) for the terms enclosed by the square brackets. This leads to the vanishing of the boundary terms proving the Hermiticity condition.
Positive definiteness
To demonstrate positive (semi)-definiteness it is convenient to define the total potential and
For the potential functional to be positive definite we need that the constitutive tensors are positive definite. For an isotropic material, this implies the following constraints in the material parameters:
It should be noted that there exist differences in notation in the literature for material parameters. Particularly, the symbols used by [16] are known to be confusing since the symbol µ is used for a combination of the classic Lamé parameter and a micropolar parameter. The use of this symbol have led to incorrect inequalities, as presented by [41] and [37] .
In order to have the condition [u, θ] = 0, the functional T should be different from zero implying
meaning that ω is always greater than or equal to zero. This result is in agreement with the physical meaning of angular frequency given to ω. On the other hand, the potential energy could be zero in the case of rigid body motion implying that the form U is positive semi-definite, while the form T is positive definite and so are their discrete counterparts. 
FEM formulation
where the summation convention for repeated indices applies for both physical and interpolation subscripts and superscripts. For the actual numerical implementation, it is convenient to express the microrotation vector θ i in terms of its dual skew-symmetric rotation tensor θ ij , such that
Kinematic descriptions in terms of derivatives of the primary fields u i and θ i follow from suitable combinations of derivatives of the primary interpolation functions. Thus,
where the tensor ω ij denotes the skew-symmetric part of the displacement gradient. Substitution of (19) and (20) into (12) yields the PVW in terms of virtual nodal variables δu k and δθ
Using the arbitrary character of the virtual fundamental fields δu k and δθ k in (21), gives the following set of weak equilibrium equations in terms of nodal forces and couples consistent with the stresses and couple stresses;f
where the different terms become obvious after comparing (21) and (22) . These equations describing equilibrium of forces and moments for the k-th degree of freedom can be written in the following
which results after writing the stress-strain relationships for the micropolar solid in terms of constitutive tensors C ijkl , G ijkl and D ijkl as
For completeness, all of the terms in the matrix equation for the micropolar solid are given in Appendix A.
Imposition of the Bloch periodic boundary conditions in the system given by (22) results in a generalized eigenvalue problem of the form [42] :
Dispersion relations for a micropolar cellular material
We now conduct a series of numerical simulations intended to test the capabilities of the micropolar model as a numerical vehicle to introduce dispersive behavior through a continuum based approach. For that purpose, we consider first the simplest case of a homogeneous material cell. This ideal case is also useful as a verification problem for the numerical implementation as that model has a closed-form dispersion relation. At the same time, the homogeneous case is used to assess the convergence of the band structure predicted by the numerical model. The particularization of the equations of motion (8) to the in-plane 2D problem is described in Appendix B. In a subsequent analysis, and intended to identify the sensitivity of the micropolar material parameters in the band structure, we also performed Bloch analysis for a bilayer composite. In this case, the band structures were found for different values of a single mechanical parameter, while keeping constant values for the remaining ones. As a final test, we extended our analysis to a cellular material with a microstructure corresponding to a circular pore embedded in an otherwise micropolar medium.
In this case, we wanted to test the sensitivity of the dispersive response to the relative size of the pore with respect to the length scale constitutive parameter implicit in the material model.
Homogeneous material
In a homogeneous micropolar solid, dispersion relations can be obtained in closed-form (See fig. 1 ). Following, we present the expressions for a two-dimensional solid. The frequency-wavenumber relationships can be written in compact form as
where the constants A and B correspond to When conducting Bloch analysis for a 2D cell, the Bloch theorem requires that the wave number vector is swept over the first Brillouin zone [39] . As a result, the m and n subscripts in the frequency and wave number terms represent values of the wave number along adjacent Brillouin zones and refer to waves coming from these adjacent Brillouin zones. These wave numbers are given by:
Typical dispersion relationships are shown in fig. 2 for the mechanical parameters reported in [43] and corresponding to:
The figure 2 shows the cut-off frequency associated with the microrotational wave, together with the limit cases for the phase and group speeds. As an additional verification, we also tested the convergence in the calculation of the dispersion relations after considering the first 12 modes for a sequence of meshes of 2 × 2, 4 × 4, 8 × 8, and
16 × 16 elements. The error in the eigenvalue computation was measured according to
where u h is the set of eigenvalues (dispersion relation) for a mesh of characteristic element size h and u ref is the solution corresponding to the 32 × 32 elements mesh, which has been taken as reference. The results for this sequence, together with the variation in the error parameter, are displayed in fig. 4 . The estimated convergence rate for the eigenvalues is 1.81.
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Variation of micropolar parameters in a bilayer composite
We considered a bilayer composite made with two materials that share all the properties, except for one of the micropolar parameters. Thus, we varied J, α and ξ ≡ η + ε, while keeping the other parameters fixed. Notice that the composite represents a homogeneous material in the case that both layers share the same material properties. Figure 5 shows the unit cell and the first Brillouin zone for this set of analyses. are compared with those of the homogeneous cell shown by the black dots, while the dispersion curves resulting from variations in J 1 are described by the continuous blue line. As J 1 increases the cut-off frequency for the microrotational wave decreases, which is due to the overall increase in the inertial density. We can also highligh that for larger values of J 1 the dispersion for the SV and T R waves increases (see the results for J 1 /J 2 = 10). This is a result of the interaction between T R and SV waves, but P waves are not affected since they do not interact when the incidence is perpendicular. As a second modification to the set of material properties we now changed α 1 ∈ {3.41 × We considered as a last variation changes in the parameter ξ 1 = η 1 + 1 ∈ {8.51 × 10 8 , 2.55 × 10 9 , 7.66×10 9 , 2.30×10 10 , 6.89×10 10 } N. Although this parameter changes the dispersive response, the cut-off frequency for the micro-rotational wave remains unmodified, as Q is independent of ξ and therefore the cut-off frequency is independent of the overall modulus of the composite. Although we see some (partial) bandgaps when changing the ratio ξ 1 /ξ 2 , it is more interesting to highlight how the hybridization between SV and T R modes changes across the different values of the ratio. 
Variation of microstructural length
Although the micropolar medium introduces dispersive behavior through the presence of length scale parameters, additional frequency dependence of the wave propagation velocity in the medium can be obtained if we explicitly consider the presence of microstructural features embedded in the micropolar medium ( fig. 9 ). Here we explore a material cell which is composed of a circular pore of diameter d embedded inside a micropolar medium.
Unit cell First Brillouin zone We will assume a pore with a diameter that is 1/2 of the cell length or equivalently a porosity For the size effect analysis, it is convenient to express the mechanical parameter in terms of a constitutive length scale present in the micropolar model as discussed in [44] and given by:
in which 2µ 2 represents the rotational stiffness of the material [32] . Notice that a change in the size of the unit cell implies a change in the pore diameter and therefore a change in the ratio between the intrinsic length scale and the characteristic microstructural dimension d/ . This variation in the dispersion relations with the ratio d/ is shown in fig. 10 . 
Directionality in cellular material with a circular pore
As a final result, we computed the directionality curves for cellular materials with circular pores.
We changed the diameter of the pore keeping fixed the size of the cell. The material properties The first branch presents lower phase speed along the vertical and horizontal directions, while the opposite happens for the second mode. This is expected since these two modes represent quasi-transversal and quasi-longitudinal propagations modes for small wavenumbers. Furthermore, the first mode is the one that presents a higher change in directionality. We can also see that the anisotropy for the third branch is more sensitive to the wavenumber than the porosity, being (almost) isotropic for small wavenumbers. 
Conclusions
We discussed several theoretical and simulation aspects related to a Cosserat-like micropolar medium. In particular, we address the model capabilities to capture dispersive behavior through its kinematic assumptions and constitutive parameters. For that purpose, we used the theory of phononic crystals, where the band structure of the material is found from the analysis of FloquetBloch periodicity conditions. Within that context we considered unit material cells corresponding to a homogeneous material, a bilayer composite and a porous cell composed of a circular cavity embedded in a micropolar matrix. The dispersive properties in each case were measured in terms of the variation in the cut-off frequency of the microrotational wave for the different considered values of the mechanical and geometric parameters of the model. We found that the ability of the micropolar medium to capture dispersive behavior can be increased mainly through changes in the rotational inertia of the material and the length scale parameter associated to its bending stiffness.
Furthermore, these results can serve as a benchmark for a program of physical experiments on periodic solids to explore the existence of microrotational waves, as predicted by micropolar theory. 
